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Many papers have treated ferroelectric phenomena as a function of t~mperature, and the dielectric 

properties with temperature, namely the ferroelectric transition, the spontaneous polarization and 

hysteresis phenomena, etc. with temperature, have been dealt with in them. It is well known that 

these phenomena can be explained clearly by Devonshire's theory . I) Recently, it was discovered 

by a few researchers including authors that the crystal phase of some dielectric materials was 

changed from paraelectric phase to ferroelectric phase at the pressure above transition.point under 

constant temperature by the variance of their atomic distances2,3). However, the analysis of this 

field has been scarcely seen. The purpose of this paper is to explain various dielectric phenomena 

with pressure successfully by using the expansion formula of the modified Devonshire's free energy 

with pressure . Namely , this paper treats analytically how dielectric materials behave and exhibit 

ferroelectricity , when hydrostatic pressure is applied to them. In such a way, the authors elucidated 

the pressure dependence of the permittivity & the spontaneous polarization and the electric field 

dependence of the permittivity under constant pressure , etc. in the case of the second order transition 

& the first order transition concretely. Simultaneously, the authors tried to apply this analysis to 

the experimental results obtained recently for BaTi03 , LiH3(Se03)2 & NaN03, etc. , and confirmed 

that this analysis was very useful. 

2. Phenomenological Analysis 

When the · ferroelectric materials whose nature is not piezoelectric in paraelectric phase have 

been strained by applied stress and then have polarization(p), its free energy(F) is expanded as a 

function of strain (x) and polarization(P) , according to modified Devonshire's theory as fO llows4); 

F( P) I cp 1 UX I I x 
x , =-~ ijXiXj+ -2~ ijPiPj+ - .~gijkXiPjPk+ - 1: ~·jktPi.PiPkPt 

2 I) I) 21)k 4 ijkt 1 

I 
+ - 1: r\ t PiPjPk PtPm Pn + ... . . . . . . 

6 ijktmn I) mn 
(I) 

Here , as for strain (Xi, Xj) (i,j=l - q), the XI, X2 and X3 are linear strains of x, y and z directions. 

The X4,XS and x6 are shear strains. As for polarization (Pi,PV ', Pm,Pn) (i=1 - 3 , j=I - 3, ·· ·, 

n=I - 3), PI ' P2 and P3 are x , y and z components of polarization. The CG's are the tensor of 

elastic constant under the condition of constant polarization, and the gijk is the tensor of elec

trostrictive constant. The Uij, ~iikt & ~ijktmn are also the tensors of phenomenological coefficients 

concerning temperature under the condition of constant strain . Under strain(x) being induced by 

hydrostatic pressure , the following assumpti.ons are satisfied ; 

(I) Applied stress is ideally hydrostatic pressure and the strain induced by hydrostatic pressure 

is proportional to pressure. Therefore, the expressions X4=XS=X6=O and xi=al P & xj=a2p or 
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Xj=a3Xj (where a}, a2 & a3 are constant) (i, j= I~3) are assumed. 

(2) The strain is proportional to the square of· polarization for the crystal where the crystal 

structure in para electric phase is centrosymmetry, as is observed for BaTi03, etc .. Therefore, the 

relations xj=b}Pf & xj=b2PJ or Pr=baPJ (where b I , b2 & b3 are constant) (i,j=I~3) are assumed. 

In order to transform F(x, P) into F(p, P), the following relation is obtained by putting above 

assumptions into eq. (1) and by neglecting the term less than p6; 

I 1 I 1 
F(p, P)=2 Cp2 + 2(u + gp)p2+ 4 ~p4 + 6~p6 (2) 

Here, C is new elastic constant, g is new electrostrictive constant and u, ~ & ~ are new phenome
nological coefficients concerning temperature presented by deriving eq. (2). 

First, the electric field(E) in the ferroelectrics is obtained by partially differentiating free 

energy(F) whose expression is given by eq. (2) with polarization(P); 

E = aF/ap = (u + gp)P + ~p3 + ~p5 (3) 

And still more, dielectric susceptibilitY(K) is obtianed by partially differentiating electric field 

whose expression is given by eq. (3) with polarization; 

I/K = aE/ap = u + gp + 3~p2 + 5~p4 (4) 

Here, the permittivity e=eoer=K +eo , therefore , K:;e because of e» eo in ordinary ferroelectrics. 

Let's obtain various dielectric phenomenological equations in paraelectric and ferroelectric phase 

by using these equations. 

2.1 Paraelectric phase 

Since the crystal structure in paraelectric phase is centrosymmetry and then the spontaneous 

polarization does not eXIst, putting zero into P in eq. (4), the following equation is easily obtained; 

l/e:; u + gp (5) 

The eq. (5) predicts that the reciprocal permittivity is proportional to hydrostatic pressure at the 

given temperature . Here, the pressure(p 0) under l/e=O which is called characteristic pressure is 

obtianed from eq. (5) as follows; 

Po =-u/g (6) 

When the permittivity varies with temperature according to Curie-Weiss' law at the given pressure , 

the reciprocal permittivity is expressed as follows; I /e=Co(T -To), where Co is Curie constant 

and To is characteristic temperature. If the transition is the second order, To is equal to transition 

temperature(Tc). Combining this relation and eq. (5), the reciprocal permittivity is expressed as 

follows; 

I/e = Co(T-To) = u + gp (7) 

, where Co & To are function of pressure and u & g are function of temperature in general. 

2.2 Ferroelectric phase 

The spontaneous polarization(Ps) exists even when applied electric field is ·removed away, 

because the crystal in ferroelectric phase is polar. Therefore, the spontaneous polarization is 

obtianed by putting zero into E and by putting Ps into P in eq. (3); 
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(8) 

Now, let's consider dielectric phenomena in the case of the second order transition and the first 

o\der one by using eq. (8) . 

2.2.1 Second order transition 

If the phase transition is the second order, free energy(F) is considered till the term of p4 
and then the p6 term of the right hand side in eq. (3), eq. (4) & eq. (8) is negligible, based on 

the Devonshire's phenomenological theory I) . Accordingly, the square of the spontaneous polarization 

is obtained from eq. (8) as follows; 

P;=-(u+gp)/~ (9) 

The eq. (9) indicates that the square of the spontaneous polarization is proportional to pressure 

at constant temperature. The pressure where the spontaneous polarization becomes zero is defined 

the transition pressure (pc), that is, Pc = -u/g from eq. (9). If the transitoin is ' the second order, 

the Pc is equal to Po by comparison with eq. (6). Still more, the reciprocal permittivity is obtained 

from eq. (4) as follows; 

(10) 

By eliminating Ps from eq. (9) & eq. (10), I IE becomes the following expression ; 

l iE = -2(u + gp) (11) 

The eq. (11) shows that the reciprocal permittivity is a linear function of pressure with the slope 

of -2g at the given temperature, and its slope is twice of that in paraelectric phase in comparison 

with eq. (5). The spontaneous polarization(Ps) and the reciprocal permittivity liE in ferroelectric 

phase are zero at the transition pressure Pc (kpO) =-u/g from eq. (9) & eq. (10). In paraelectric 

phase, the spontaneous polarization is not present and the reciprocal permittivity is zero at the 

transition pressure Pc (=po) from eq. (5). Accordingly , the spontaneous polarization and the re

ciprocal permittivity are shown to vary continuously with pressure at the transition pressure under 

constant temperature, and then its transition is considered to belong to the second order. 
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Fig. 1. Schematic temperature & pressure variations (type I, type ·rr) of 
the spontaneous polarization & the reciprocal permittivity for the 
second order transition. 
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The schematic pressure dependence of the square of the spontaneous polarization & the re

ciprocal permittivity in the state of ferroelectric phase above the transition pressure(pc) is shown 

in Fig. I(a), while that in the state of ferroelectric phase below the transition pressure(pc) is 

shown in Fig. I(b) . If ferroelectric phase is present in the state of P> Pc=Po=-u/g > O, the slope 

g must be negative in paraelectric phase like Fig. I (a). Therefore, the relation u + gp < 0 holds 

good in ferroelectric phase because of u > 0 that is, -gp > u from above condition. On the other 

hand, if ferroelectric phase is present in the state of p< Pc=Po=-u/g > 0, the slope g must be 

positive in paraelectric phase like Fig. l(b). Accordingly , the relation u+gp < 0 also holds good in 

ferroelectric phase because of u < 0, that is, pg< -u. Moreover, the value of the right hand side 

of eq. (9) must be . positive. These conditions require ~ > 0, which is the condition of the second 

order transition. 

The square of the spontaneous polarization is obtained under constant pressure by putting eq. (7) 

into eq. (9) as fopows; 

(12) 

The reciprocal permittivity is obtained under constant pressure by putting eq. (7) in to eq. (10) 

and by using eq. (12) as follows ; 

I/e = -2Co(T-To) (13) 

If the temperature dependence of the coefficient ~ is assumed to be negligible, the square of the 

spontaneous polarization & the reciprocal permittivity are proportional to temperature from eq. (I 2) 

& eq. (13), respectively. The slope of the reciprocal permittivity to temperature in ferroelectric 

phase is twice of that in paraelectric phase from eq. (J 3) in comparison with eq. (7). In ferroelectric 

phase, the spontaneous polarization & the reciprocal permittivity are zero at the transition temper

ature Tc (=To) under constant pressure from eq. (12) & eq. (13) . In paraelectric phase, the 

spontaneous polarization is not present and the reciprocal permittivity is zero at the transition 

temperature Tc (=To) from eq. (7). Therefore, the spontaneous polarization & the reciprocal 

permittivity change continuously at the transition temperature Tc (=T 0)' Above facts confirm 

that the transition is the second order. 

The schematic temperature dependence of the square of the spontaneous polarization & the 

reciprocal permittivity is shown too , in Fig. I . When ferroelectric phase is present at temperature 

T> Tc (=To), the slope Co must be negative in paraelectric phase like Fig. l(a). Therefore, the 

relation -Co(T -To) >0 holds good in ferroelectric phase. When ferroelectric phase is present at 

the temperature of T < Tc (=To), the slope Co must be positive in paraelectric phase like Fig. I(b). 

Therefore, the relation -Co(T-To»O holds good in this case, too. Accordingly, the relation ~ > 0 

is required from eq. (12). If the transition is the second order, the coefficient ~ must be positive 

as well as in the case of pressure. 

Furthermore, the electric field in ferroelectric phase is obtianed from eq. (3) as follows ; 

E=(u+gp)Ps+~P: (14) 

The dielectric hysteresis loop can be predicted under constant pressure, because the electric field 

is expressed as the equation of 3th power of P s' The relation between the electric field and the 

permittivity is obtained by combining eq. (14) and eq. (10) and by eliminating Ps as follows; 
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3 € €2 3~ € €2 

(15) 

Here 

1/€2 = U + gp = g(p -Po) (16) 

1/€2 is constant under the given temperature & pressure. The eq. (15) indicates the electric field 

dependence of the permittivity in ferroelectric phase under constant pressure , and it is found that 

the permittivity decreases with increasing electric field. In the special case , the permittivity at no 

electric field is expressed by putting zero into E of eq. (15) and by using eq. (16) as follows; 

Therefore , the permittivity at no electric field depends on pressure & coefficient g. 

2.2.2 First order transition 

When the following two conditions are satisfied in the case of the first order transition , the 

spontaneous polarization is present at the transition pressure(pc). 

(1) The free energy of ferroelectric phase must be equal to that of paraelectric phase at the 

transition pressure(pc) . Accordingly, from eq. (2) , the relation 

[ F(p, P) ] P=Pc [ F(p , P) ] P=Pc 

P=Ps=O P=Ps 

must be satisfied. That is, 

u + gpc + ~ ~P~ + ~ ~P~ = 0 (17) 

holds good . 

(II) The free energy of ferroelectric phase must have the minimized value with polarization. 

Accordingly , from eq. (2) , the relation 

[oF/ap] P=Pc = 0 
P=Ps 

must be satisfied. That is, 

(18) 

holds good. Combining eq. (17) and eq. (18) , and eliminating (u + gpc), the square of the spon

taneous polarization at the transition pressure is expressed as follows; 

P; = -3~/4~ > 0, therefore H < O (19) 

On the other hand, the spontaneous polarization in paraelectric phase does not exist. Hence, the 

spontaneous polarization changes discontinuously at the transition pressure. This is the character 

of the first order transition. The following expression is obtained by putting the P; of eq. (19) 

into that of eq. (17); 

Pc = Po + 3e / 16 g~ (20) 

Here, th~ Po is given by Po = -u /g>O, and Pc is the transition pressure as mentioned above. 

Schematic pressure variation of Ps & l/€ for the first order transition is shown in Fig. 2. 
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Fig. 2(a) corresponds to the transition from paraelectric phase to ferroelectric phase at Pc with 

incr~asing pressure, and Fig. 2(b) corresponds to the transition from ferroel"ectric phase to para

elec~ric phase. In Fig. 2(a), the following conditions exist ; Po> Pc , g < 0 from paraelectric phase 

and u> O because of Po=-u/g > O. By putting these relations into eq. (20), the relation ~> O is 

obtained and then ~ < 0 is obtained from eq. (19). In Fig. 2(b), the following conditions exist ; 

Pc > Po, g > 0 from paraelectric phase and u < 0 because of Po= - u/g> 0 (corresponding to, for 

example, BaTi03). By putting these relations into eq. (20), the relation ~> O. is obtained and then 

~< 0 is obtained from eq. (19), too. Therefore, in the case of the first order transition, these 

relations ~> O & ~ < O hold good. 

Let's obtain the spontaneous polarization in ferroelectric phase under above conditions. The 

square of the spontaneous polarization is obtained from eq. (8) & PsfO as follows; 

ip; =-2~ {I + j 1_4~2 (u+gp) } (21) 
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Fig. 2. Schematic temperature & pressure variations (type 1, type II) of 
the spontaneous polarization & the reciprocal permittivity for the 
fust order transition. 

The eq. (21) shows the fact that the square of the spontaneous polarization varies according to 

irrational function. with pressure. The reciprocal permittivity is obtained by putting P; of eq. (21) 

into that of eq. (4); 

i = - 4(u + gp) + r { 1 +J 1 - ~~ (u + gp) } (22) 

The value of the reCiprocal permittivity 1/Ee! in ferroelectric phase· at the transition pressure(pe) 

is expressed by putting Pe of eq. (20) into p of eq. (22); 

I/Ec! = 3~2 I 4~ 

The value of the reciprocal permittivity 1/Eep in paraelectric phase at the transition pressure is 

0btained by putting Pe of eq. (20) into p of eq. (5) ; 
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The temperature dependence of the spontaneous polarization and the reciprocal permittivity is 

expressed by putting eq. (7) into eq. (21) & eq. (22) respectively as follows ; 

(23) 

(24) 

From eq. (23), when the temperature dependence of the coefficients ~ & ~ is negligible, the square 

of the spontaneous polarization varies with temperature according to irrational function. 

The value of the spontaneous polarization at the transition temperature(T c) is obtained in the 

same manner as in the case of the transition pressure. Therefore , the following relations are obtained 

from the expressions 

[F(T, P)lT=Tc = [F(T,P)lT=Tc and [aFl aP1T=Tc =0 
P=Ps=O P=Ps P=Ps 

by putting eq. (7) into eq. (2) ; 

(o(T c - To) + (1 12)~P; + (I 13)~P s 4 = 0 

By eliminating (T c - To) from above two formulas, the same formula as eq. (19) is obtained for the 

spontaneous polarization at T c, and the transition temperature(Tc) is obtained by putting it in to 

P; of above formula ; 

(25) 

The sign of the coefficients ~ & ~ in this case is determined similarly as in the case of pressure 

for the first transition by substituting T, To , Tc & Co for p, Po , Pc & g respectively in the case 
of pressure like Fig. 2. 

Moreover, the relation between permittivity and electric field of the first order transition is 

obtained under constant pressure & temperature by combining eq. (3) & eq. (4) and by eliminating 

P as follows ; 

(26) 

Here I Ie. J = U + gp , and 1 Ie. J is constant under the given pressure & temperature . 

3. Application of This Analysis to the Measured Value 

Let's examine the suitability of above mentioned analytic results in the cases of LiH3(Se03) 

(briefly L. H. S.) & NaN03 which belong to the second order transition , and of BaTi03 & 

Pb(Ti + Sn)03 which belong to the first order transition. The details of these samples are shown 

in ta.ble 1. 
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Preparatic;m 

Thickness 
Oi· d (mm) 

mension A rea 
S (cm2) 

Space group 

High pressure 
apparatus 

Table 1. Samples and high pressure apparatus. 

LiH 3(Se0 3h NaN03 

Evaporation from Bridgman's method, 
sa turated water so- using powder NaN03 
lution o f L.H .S. obtained by recrys' 
(Crys tal) tallization . 

(Crystal) 

0.5 - 1.0 0.28 

0. 3 - 0.7 0.3 

P2 t /n R3C 
(Paraelectric phase) ' (Paraelectric phase) 
Centrosymmetry Centrocymmetry 

a 30·kbar hydrostatic a I O()'kbar six·anvil 
pressure appara tus, 
liquid pressure trans
mitting medium 

(

a 50-50 mixtu re ) 
of n~rm a l pentane 
dnd lsopcntane 

cubic press, solid 
pressure transmitting 
medium 

( Pyrophyllite) 

BaTi03 

Melting method, 
using KF as a flu x. 
(Crys tal) 

0.5 

0.2 - 0.6 

Pm 3m 
(Paraclectric phase) 
Centrosy mmctry 

The same as in th e 
case of L. H.S. 

3, I Second order transition 

Pb(Ti+Sn)03 

Press and calcin atio n 
of the mix ture of 75 
% Sn02 and 25 % 
Ti02 , using PhO as a 
flu x. 
(Ceramic) 

0.2 

0.5 - 0.6 

(Ceramic) 

(A tmospheric pressure) 

(i) The pressure dependence of the permittivity and the spontaneous polarization ; The pressure 

dependence of the reciprocal permittivity of L H, S, obtained by C. A. Samara is shown as a 

dotted line in Fig. 3(a), and the pressure dependence of the spontaneous polarization(ps) & the 

square of Ps is shown as a dotted line in Fig. 3(b)S) . The L H. S. belongs to type n in Fig. l(b), 

and then the second order transition. Above the transition pressure Pc(=Po) = 20.8 kbar, L. H. S, 

belongs to P2dn in the space group, and is centrosymmetry and paraelectric phase. Below the 

transition pressure , L. H. S. is ferroelectric phase. The g is obtained from the slope of 1 Ie to p 

28 
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11 

Fig. 3. 
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(a) The pressure dependence of the reciprocal relative permittivity 
of LiH3(Se03h at 23·C. (b) The pressure dependence of the 
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of LiH3 (Se03h at 22 ·C. 
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in paraelectric phase above the transition pressure in Fig . 3(a); g = 2.62 X I07 m/F. kbar or 

1.85 X 10-5 /kbar CGSesu. The u is obtained by eq. (6); u =- 5.46 X 108 m/F or -3.85 X 10-4 

CGSesu. The ~ is given by putting the value of the square of Ps which is obtained at arbitrary 

pressure from Fig.3(b) and the values of g & u into eq. (9); ~=1.65 X IOlom s /F ·C2 or 1.29 X 10. 13 

cm4 /esu2 CGSesu. The calculated curve of the pressure dependence of the reciprocal relative 

p~rmi~tivity is obtained by putting above values into eq. (11), and is expressed as a solid line in 

Fig.3(a). The solid line coincides approximately with the dotted line which stands for the 

measured value. While the slope g of I/E to p in ferroelectric phase should be twice of that in 

paraelectric phase by comparing eq. (11) with eq. (5), the value in measurement is 2.4 times from 

Fig.3(a). The calculated curve of Ps versus p obtained by putting above values of g, u & ~ into 

eq. (9) is shown as a solid line in Fig. 3(b). From this figure, it is found· that the measured value 

which is shown as the dotted line follows to eq. (9) approximately. 

(ii) The electric field dependence of the pemlittivity; Below the transition pressure, NaN03 

belongs to R3C in the space group, and is centrosymmetry and shows paraelectric phase. However, 

above the transition pressure, the crystal structure of NaN03 changes to R3C and non-centro

symmetry and then NaN03 shows ferroelectric phase. Therefore, it belongs to the type I in 

Fig. I(a). The pressure dependence of the reciprocal relative permittivity of NaN03 is shown in 

the paper reported by the authors2 ,3) and is expressed as the straight line which passes through 

the coordinates of (p=37 kbar, 1/Er=0.093) & (45 kbar, 0.019) in paraelectric phase. The values 

of g & u are obtained similarly as in the case of L. H. S. from these data ; g=-8.81 X 108 m/F'kba~, 
u=4.14 X lO lO m/F. Furthermore, the value of ~ is calculated from eq. (9) by using Ps=2.15 X 10.2 

C/m 2 at p=60 kbar from the pressure dependence of the spontaneous polarization2 ,3 ); ~=2.48 X I 013 

m S /F·C 2
. Here , since the transition pressure from paraele~tric phase to ferroelectric phase in the 

case of NaN03 is very high , liquid medium like in the case of L. H. S. can't be used as a pressure 

transmitting medium. /n this case, solid medium called pyrophyllite is used as a pressure trans

mitting medium and then ideal hydrostatic pressure can't be strictly applied to the sample NaN03. 

Therefore, the measured values in the case of NaN03 don't coincide with the calculated values 
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Fig. 4. Effect of external electric field on the relative permittivity of 

powder NaN0 3 under various pressures. 
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so well as in the case of L. H. S. The measured dc-electric field dependence of the relative per

mittivity of the sample NaN03 with the thickness d=0.28 mm is expressed as a dotted line in 

Fig. 4 whose curves are at p=48 kbar & p=52 kbar in ferroelectric phase2 ,3). The calculated curve 

of dc-electric field E=V /d dependence of the relative permittivity is obtained by putting above 

values of g, u & ~ into eq. (15). This curve is shown as a solid line in Fig. 4 and coincides almost 

with the dotted line which shows the measured value. 

Subsequently, the dc-electric field dependence of the relative permittivity (Er) at p=48 kbar , 

constant g and constant u under various fs, that is, ~1, 1O~1 & 102~1 etc. is shown in Fig. 5(a) 
from eq. (15). The decreasing rate of Er with increasing electric field E increases with increasing 

value of ~, and the value of Er at constant E decreases with increasing value of ~ from Fig. 5(a). 
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t: pa r amete r 
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t. - I.IJ II: 1012fJfrr 
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p : 4Skbar 
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ElrClric nrld f ~ 10° VIm} 
Cb, 

Fig. 5. Effect of ex ternal electric field on the relative permittivity under 
various t's (a) & g's (b). 

The dc-electric field dependence of the relative permittivity (Er) at p=48 kbar, constant u and 

constant ~ under various g's, that is, gl , 2g1 & 3g1 etc. is shown in Fig. 5(b) from eq. (15). The 

Jiecreasing rate of Er with increasing electric field E increases with decreasing value of g, and the 

value of Er at constant E decreases with increasing of the value of g. 

3.2 First order transition 

(i) The pressure dependence of the permittivity and the spontaneous polarization; The pressure 

dependence of the reciprocal relative permittivity at T=23 ·C, 60 ·C & 85 ·C and the pressure 

dependence of the spontaneous polarization at T=23 t & 45 ·C of BaTi03 given by G.A.Samara 

are shown as a dotted line in Fig. 6(a) & (b) respectively6). BaTi03 shows ferroelectric phase below 

the transition pressure(pc) and paraelectric phase above Pc and then belongs to type IT in Fig. 2 

(b). The value of g is obtained from the curve at T = 23 ·C in paraelectric phase in Fig. 6(a); 

g=2.82 X 106 m/F·kbar. The value of u is calculated from eq. (6) by using the characteristic 

pressure Po=18 kbar which is the measured value and the above value of g; u=-5.08 X 107 m/F. 

Moreover, the values of ~ & r are calculated by putting the value of Ps at arbitrary pressure (in 

this case, the value of Ps at the transition pressure) of the curve at T=23 ·C in Fig. 6(b) into eq. (19), 

and simultaneously putting Po= 18 kbar & p=20 kbar into eq. (20); ~= -1.33" X 109 mS /F·C2 & 

r=5.93 X1010 m9 /F·C4
. The calculated curves of l/Er versus p & Ps versus p are obtained by 

putting above values of g, u, ~ & r into eq. (22) & eq. (21) and are shown as a solid line of 

T=23 ·C in Fig.6(a) & (b) respectively. 
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& Cb) the spontaneous polarization of single crystal BaTi03 with 
temperature parameter. 

A little difference is seen between the calculated value and the measured one, and this reason 

is considered to be as follows ; 

(J) Though the value of I/tr must be minimized value at the transition pressure and the 

spontaneous polarization Ps must be zero at this pressure theoretically, the pressure where l/tr 

is minimized value is 20 kbar and the pressure where Psis zero is 22 kbar as shown as a dotted 

line in Fig.6(a) & (b), then the difference between these values is 2 kbar. 

(2) The coefficients u, g, ~ and r are assumed to be independen t of pressure analytically here. 

However, practically, these coefficients will depend on pressure more or less. 

Anyway, the experimental error could not be escaped even if modern equipments were used 

in such a measurement. 

Let's examine the temperature dependence of the coefficients u & g. The coefficient g is 

considered to be independent of temperature, because the slope g of l/tr to p in paraelectric phase 

is constant under various temperatures . The temperature dependence of the coefficient u will be 
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found by investigating the temperature dependence of the characteristic pressure (Po) by using 

eq.(6). The characteristic pressure (Po) versus temperature is obtained by replotting from Fig.6(a), 

and Fig.7(a) shows these relations. From Fig.7(a), it is noticed that the characteristic pressure 

decreases linearly with increasing temperature. Therefore, by reminding the relation u= - gpo, the 

coefficient u is- expressed as follows ; 

(27) 

where al =22.8 kbar & f31 =0.217 kbar/ 'C from Fig.7(a). By putting eq. (27) into u of eq. (21) 

& eq. (22), 

;r =4 {g(a1 -f31 T)-gp} + f [l+Jl+~~ {g(a1-f31T)-gp}] (28) 

and 

P; = - ~~ [ 1 + J I + :~ {g (al - f3 1 T) - gp} J (29) 

are obtained, and then the effect of temperature is added to eq. (22) & eq. (21) respectively. The 

curves of 1/Er versus p & Ps versus p at T=60·C & 85·C calculated from eq. (28) & eq. (29) are 

shown as a solid line in Fig.6(a) & (b) respectively. 

The temperature versus reciprocal relative permittivity with pressure parameter and the temper

ature versus spontaneous polarization with pressure parameter are shown as a dotted line in Fig. 8(a) 
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Fig. 8. The temperature dependence of (a) the reciprocal relative per
mittivity & (b) the spontaneous polarization of single crystal 
BaTi03 with pressure parameter. 

& (b) respectively. In order to consider the pressure dependence of the spontaneous polarization 

shown in eq. (23) and the relative permittivity shown in eq. (24), first , the pressure dependence of 

Co & To must be examined. The slope Co of 1 I Er to T in para electric phase above the transi tion· 

temperature(Tc) in Fig.8(a) is constant under various pressure parameters, that is, Co=4.52 X 105 

m/F· ·C and then is independent of pressure. On the other hand, the characteristic temperature(To) 
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under l/fr=O versus pressure is obtained by replotting from Fig. 8(a) as shown in Fig. 7(b), then 

it is found that the characteristic temperature(T 0) decreases linearly with increasing pressure. 

Accordingly , To is expressed as follows; 

(30) 

where a2=104 °C & ,62 =4 .92°C/kbar from Fig.7(b). By putting eq.(30) into To of eq.(23) & 

eq. (24), the following formulas are obtained; 

I ~2 { j 4~Co } f. = -4Co (T - a2 + ,62 p) + T I + 1 - r (T - a2 + ,62 p) (31) 

p2 =_-.l {I +jl_ 4~Co (T- a 2 +,B2P)} (32) 
s 2~ ~2 

The temperature dependence of I /fr at pressure parameter p=7.7 , 10.3 & 12.4 kbar is expressed 

as a solid line in Fig. 8(a) by putting the previous values of ~ & ~ at T=23°C and above values 

of Co, a2 & ,62 into eq. (31). The temperature dependence of Ps is also expressed similarly as a 

sol id line in Fig. 8(b) from eq. (32). Here , since the abscissa in Fig. 8(b) is the reduced temperature 

(T - T c), the characteristic curves with each pressure parameter overlap as a one line. Comparable 

large difference between the measured value and the calculated one is observed in Fig. 8(a). This 

cause is considered to' be based on the temperature & pressure dependence of the coefficients 

Co, ~ & r Let's consider this effect subsequently. The pressure dependence of the transition temper

ature(Tc ) must be same as that of the characteristic temperature(To) from eq. (25). However, the 

paper reports that there is some difference between dTc/dp=-5 .5 'C/kbat and dTo/dp=-4.8 'C/kbar 

in experimental value 6
). Furthermore, though all curves which are the reduced temperature (T - Tc) 

versus spontaneous polarization with pressure parameters must overlap as a one line, the value of 

Ps decreases gradually with increasing pressure parameter like a dotted line (or the measured value) 

in Fig. 8(b). These facts suggest that the coefficients Co, ~ & ~ depend on p<tessure a little . However, 

the temperature dependence of the coefficient ~ of higher order of Ps in the expansion formula 

of the free energy is considered to be extremely small, and therefore , the pressure dependence of 

the coefficient ~ is also assumed to be extremely small. The slope Co is known to be independent 

of pressure from experimental results. Consequently, in this case, the pressure dependence of the 

coefficient ~ should be considered. Here, let's add the little quantity ~ to the value of ~ to compen 

sate ~. In order to obtain the value of 6 t the following method is performed, that is, from eq. (21), 

dPs/dp = - g~/2Ps J ~2 - 4~(u + gp) 

still more , by substituting ~ + 6~ for ~ in eq. (33) 

dPs/dp = - ~/2Ps J (~+ 6~)2 - 4~(u + gp) 

(33) 

(34) 

First, let's put p=7.7 kbar and the previous values of u, g, ~ & ~ at T=23 'c into eq. (33) & eq. 

(34), and put simultaneously the values of dPs/dp obtained from the slope of the experimental 

curve (or the dotted line) & the calculated one (or the solid line) at p=7.7 kbar & T=23 °C in 

Fig.6(b), that is, dPs/dp=3.80 X lO-3 C/m2 ·kbar (or the measured value) & dPs/dp=3 .13 X 10-3 

C/m2 'kbar (or the calculated value) into eq. (34) & eq. (33) respectively. Next, let's take the ratio 

eq. (34) to eq. (33) in order to find the value of 6~ ; 6~=0.373 X l 09 m S /F·C2 . The compensated 

curve of l/fr versus T obtained by calculation is shown as a dot-dash-line in Fig. 8(a) by putting 
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~ + 6~ = -0.96 XI09 ms IF·C2 into ~ of eq. (24). In this case, the compensated quantity 6~ is 28% 

of the previous value of t and the calculated value of l/Er approaches to the measured value by 

about 36% in comparison with the previous case. 

(ii) The electric field dependence of the permittivity ; The temperature dependence of the re

ciprocal relative permittivity of the ceramic (pbTi0325% + PbSn0375%) at atmospheric pre~sure 

obtained by the authors is shown as a dotted line in Fig.9(a). The slope Co of l/Er to T in 
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paraelectric phase and the characteristic temperature To are obtained from Fig. 9(a); Co= 1.81 X 106 

m/F· ·C & To=160 ·C7). As the measured value ofPs at Tc=163 ·C is 5.33 X 10-2 C/m2 ?), the values 

of ~ & ~ are obtained by putting above values of Co , To, Tc & Ps at Tc into eq. (19) & eq. (25); 

~=-5.65 X I09 mS/F·C2 & ~=1.l3 X1012 m9 /F·C4
. On the other hand, the applied electric field 

dependence of the relative permittivity at T=15 ·C & 120 ·C measured by the authors is expressed 

as a dotted line in Fig. 107) . By putting above values of Co, To, ~ & ~ into eq. (26), the applied 

electric field dependence of the relative permittivity is shown as a solid line in Fig. 10. The 

measured value follows to the calculated value approximately and then the suitability of eq. (26) 

is confirmed. Here, the solid lines at T= 150 ·C & 155 ·C in Fig. 10 are merely the calculated curve 
from eq. (26). Moreover, by putting the previous values into eq. (24) & eq. (23), the temperature 

dependence of l/ET & Ps are obtained like a solid line in Fig. 9(a) & (b). From Fig. 9(a) , it is found 

that the measured value in ferroelectric phase coincides almost with the calculated value, and then 

it is predicted that the temperature dependence of Ps should be like a so lid line in Fig.9(b). 

4. Dielectric Loss Tangent 

The electric field E and the dielectric constant in ferroelectric phase are given by eq. (3) and 

eq. (4), respectively. The polarization P in ferroelectric phase written here is expressed as the sum 

of spontaneous polarization Ps and induced polarization PE, namely 

(35) 

When the electric field E~wt with angular frequency w is applied to the sample, the polarization 

induced in the sample by the field is expressed to be PE=PO~(wt-OI), where 8 1 is the phase 

delayed from the phase of the applied field, and Po is the magnitude of the induced polarization. 

As the coefficients u, g, ~ & ~ in eq. (3) & eq. (4) must be complex number, the coefficients 

u*, g*, ~* & ~* should be substituted for those. Then, when the field E~wt is impressed in the 

sample, the eq. (3), eq. (4) & eq. (35) must be written respectively as follows; 

Eeiwt = (u* + g*p)P* + ~*p*3 + ~*P*s 

1/(e* - eo) = u* + g*p + 3~*p*2 + 5~*p*4 

p* = Ps + P*E = Ps + po~(wt-o I) 

(36) 

(37) 

(38) 

By putting p* given by eq. (38) into p* in eq. (36), the eq. (36) is expressed as follows; 

Eeiwt = (u* + g*p)Ps + ~*P; + ~*P~ + Poei(wt-o J) ( u* + g*p . + 3~*P; 

+ 5~*P:) + P~ei2(wt-OI)(3~*Ps + 10~*P;) + p~~3(wt-O])(~* + 1O~*P;) 

+ P6ei4 (wt-o]) . 5~*Ps + pgeiS(wt-o])~* 

Provided that the phases of u*, g*, P & ~* are all 8], furthermore, as Ps in ferroelectric phase 

exists under E=O and then Po=O, the Ps satisfies the equation derived from the eq. (36) 

u* + g*p + ~*P; + ~*P: = 0 (39) 

The above equation becomes the following form by putting A into Po/Ps, namely A=Po/Ps, and 

using the eq. (39); 
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E~wt = A f(2~P; + 4~P;)ejwt + A(3~P; + 1O~P;)~(2wt-6 d 

+ A2(~p; + lO~P;)~(3wt-2liI) + A35~P;ej(4wt-361) 

+ A4~p;~(5wt-4Iil)} 

Where since A is the ratio of the induced polarization to the spontaneous polarization, the relation

ship A < < 1 holds good. By using this condition and neglecting the higher term than the second 

one in the right hand side of the above equation, it is clear that the phase of the left hand side of 

the above equation is equal to that of the right hand side. Furthermore, when the complex 

dielectric constant is expressed to be E=El-jE2 , the loss tangent (tan 8) is shown to be tan 8=E2/El . 
On the other hand, the reciprocal dielectric constant in paraelectric phase is expressed to be 

l/(E* - EO) = u* + g*p = (u + gp)~1i I from eq. (37) because of including no higher terms than 

the second power of P*. In general, because of E I > > EO for ferroelectrics , the loss tangent in 

paraelectric phase is shown to be tan 8=E2/EI =:tan 8 J from above relationship. Therefore, the loss 

tangent in paraelectric phase corresponds to that in normal dielectrics. 

By the above two facts, it is confirmed to be appropriate that phases of the coefficients u* , 

g*, ~* & ~* have been determined to be all 8 I . 

The complex dielectric constant E* in ferroelectric phase can be obtained by substituting eq. 

(35) & eq. (39) for eq. (37) as follows; 

1 = (2~p2 + 4~p4)ejli 1 + A(6~p2 + 20~p4)ejwt E* _ EO S S S s 

+ A2(3~p; + 30~ p:)~(2wt-lil) + A3·20~pi~(3wt-21i1) 

+ A 4 .5~pi ~(4wt-31i1) 

By comparing the real & imaginary parts of the right hand side with those of the left hand side 

with those of the left hand side of the above equation, the following relationships can be obtained; 

From the real part, 

EI - EO 2 2 2 2 
-~--:-2'--""'2 = 2(~ + 2~Ps)Ps cos 81 + 2A(3~ + lO~Ps)Ps cos wt 
(EI -EO) + E2 

+ 3A 2(~ + lO~P;)P; cos 2(wt - 81 /2) + O(A 3) , 

where 0 (A 3) stands for the small quantity including the higher terms than the third power of A 

(A « l). 

From the imaginary part, 

E2 = 2(~ + 2~P;)P; sin 8) + 2A(3~ + lO~P;)P; sin wt 
(EI -EO)2 +E2 2 

,where 0'(A3) stands for the small quantity as well as O(A 3). By putting above relationships into 

tan 8 = E2/El , the loss tangent in ferroelectric phase can be obtained as follows; 

tan 15 :; tan 8 1 + 3~ \lO~P; A sin wt + O"(A 2) 
(~ + 2~P s) cos 8 I 

,where 0"(A2) stands for the small quantity. Then the root mean square of tan 8 with time can 

be obtained as follows; 
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< tan 0 > =: {tan2 0 + .!.A2 (3~+ lOr
p
;)2 } ~ 

I 2 (~ + 2rp;f COS2 0 1 

= tan 0 ! 1 + .!. A 2 (3~ + lOrp;)2 } ~ 
1 1 2 (~ + 2rP;)2 sin 2 0 I 

(40) 

The tan 0 I is based on the fact that the phase of induced polarization PE laggs behind that of the 

applied electric field, and corresponds to the loss tangent of normal dielectrics. 

Now, let's deal with two kinds of transition by using above relationships: 

(I) The second order transition 

In the case of the second order transition, putting the relation r=O into eq. -(4.0), 

< tan 0 > =:Jtan2 01 + 9A'l/2 cos2 01 (41) 

By using relations A=P o/P sand eq. (9), eq. (41) is rewritten as follows; 

< tan 0 > =: }tan2 01 - 22 P02 ~ 2 (42) 
(u + gp) cos 0 1 

The above equation shows the pressure dependence of tan o. As the relationship between the 

spontaneous polarization Ps and the applied electric field E can be got by putting zero into rand 

Ps into P in eq. (3) and the relationship between the spontaneous polarization and the loss tangent 

is shown in eq. (41), the dc-electric field dependence of tan 0 can be obtained by combining these 

relationships as follows; under tan201 < < 1, 

E = { u + gp +~ ( ~ Po )2} ~ Po (43) 
. V2 Jtan2 0-tan2 01 J2 Jtan20-tan201 

To get the temperature dependence of tan 0, let us put eq. (12) into A2=(Po/Ps)2 in the eq. (41), 

then the following equation can be obtained. 

< tan 0 > =:Jtan2 0) - 22 P02 ~) 2 
Co(T - To cos 01 

(44) 

Moreover, the dc-electric field dependence of tan 0 is calculated by modifying eq. (43), namely; 

E={Co(T-To)+~(~ Po )2} ~ Po 
12 J tan2 0 - tan 2 01 J2 J tan2 0- tan2 01 

(II) The first order transition 

The pressure dependence of tan 0 in the case of the first order transition is shown in eq. (40). 

The value of tan 0 at the transition pressure and temperature in the first order transition is given 

by putting [P;]T~ - 3~/4r into Ps of eq. (40); 

[tan 0 ] T
Pc 

=: J tan2 01 - 54P~ r/~ cos2 0) (45) C,pc 

and the pressure dependence of tan 0 can be obtained by substituting eq. (21) for Ps of eq. (40); 

< tan 0> =: [tan 2 0 I - P~ 1-. { 2 + 5 J 1 - ( 4r Ie) (u + gp) } 2 J ~ 
~ {I + Jl - (4r/e)(u + gp)} {I -(4r/e)(u + gp)} COS

2 01 

(46) 

Furthermore, the temperature dependence of tan 0 is exhibited by modifying eq. (46) as follows; 



72 

<tano >~ [tan201-p~L {2+S Jl-(4Co~/e)(T-To)}2 l~ 
~ {I + Jl-(4Co~/e)(T-To)} {1-(4Co~/e)(T-To)J COS

201J 

(47) 

Now, let us apply the above mentioned analytical results to the experimental results of NaN03 

which belongs to the second order transition and those of BaTi03 which belongs to the first order 

transition. 

(1) The case of NaN03 

The pressure dependence of tan 0 is shown in Fig. 11. The loss tangent is not almost affected 

by the pressure in paraelectric phase, increases rapidly at the transition pressure and increases 

with pressure in ferroelectric phase. The loss tangent in ferroelectric phase decreases gradually 

with the dc-electric field as shown in Fig. 12. 

0."" 

0.05 

~ 0 .04 

t 
. ~ OOJ 

.-

" I 
I 

I , 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

, --- : 1II<';"'urt'J \3111(' 

DO! _______________________ --..,-' 

0.01 

Fig. 11. The pressure dependence of the loss tangent (tan Ii) of powder 
NaN0 3· 

0.01 

--- - - __ .J~~b!!.. __ 

o,os ---
411kbu - ... -- ___ ~7.:~r_ 

0." 

: mt'(I~ureJ \' alue 
O~J : \' alcuiatC'd value 

-om 

O ~ __ J_ __ _L __ ~ ____ ~ __ ~ __ _L __ ~ __ ~ ____ L_ __ ~ 

o O~ 0 .• 0.6 08 10 " " " 1.0 

Ek<:uic f1tld t -,a, VIm) 

Fig. 12. Effect of external electric field on the loss tangent (tan Ii) 

of powder NaN03 under various pressures. 



I, 

Fujimoto and Yasuda: Phenomenological Treatment of Ferroelectricity Under Hydrostatic Pressure 73 

To explain the loss tangent phenomenologically, eqs. (42) & (43) must be picked up. The value 

of tan 8 I which corresponds to the loss tangent in paraelectric phase is 0.018 from Fig. II. The 

parameter Po is calculated by putting the value of tan 8 (0.062) at p=48 kbar in Fig. 11 into 

tan 8 of eq. (42), and its value is Po=1.673 X lO-4 C/m 2
. Here, u=4.14 X lO lO m/F, g= - 8.8I XI08 

mlF ·kbar & ~=2.48 X 1013 m S IF ·C2 were used for the values of u, g, ~ & ~ in eq. (42) as showf\ 

in the case of the dc-electric field dependence of the dielectric constant. 

The dc-electric field dependence of tan 8 at p=48 kbar is obtained by substituting above values 

for those of eq. (43), and is shown as a solid line in Fig. 12. The value of the ratio of Po to Ps , 

namely A, is the order of 10-2 . 

In this case, if the parameter Po is entirely independent of pressure, the loss tangent in ferro

electric phase obtained from eq. (42) decreases with pressure, but such a behavior of the loss 

tangent is inconsistent with Fig. II . On the contrary, if the parameter Po increases with pressure 

as shown in Fig. 13, the pressure dependence of tan 8 in ferroelectric phase is exhibited as adotted 
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o 

Q.. 

1 J 1 I I 1 

48 49 50 51 52 53 54 55 

Pressure (kbar) 

Fig. 13. The pressure dependence of the induced 

polarization of powder NaND 3. 

line in Fig. 11, and this fact is reasonable. 

The dc-electric field dependence of tan 8 calculated at p=47.5 kbar & 52 kbar is exhibited as 

a solid line in Fig. 12 by using eq. (43) and the parameter Po shown in Fig. 13. 

The loss tangent decreases with the dc-electric field, and furthermore, the rate of the decrease 

of tan 8 with the dc-electric field decreases with increasing pressure. 

From above facts, it will be concluded that this phenomenological treatment of tan 8 is ap

propriate to explain experimental results. 

(2) The case of BaTi03 

The temperature dependence of tan 8 with pressure reported by G.A.samara is shown in Fig. 14 

for BaTi03. Let us apply eq. (45) & eq. (47) to the results of above experiment. As the value of 

tan 8 at the transition temperature is given by eq. (45), the values of parameter Po in ferroelectric 

phase are determined by eq. (45) and Fig. 14. The tan 81 corresponds to the loss tangent in 

paraelectric phase, and its value is 0.01 from Fig. 14. 

In this case, the loss tangent in paraelectric phase is almost independent of pressure. It is seen 
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that the value of tan 8 at the transition temperature increases with increasing pressure from Fig. 14. 

The pressure ,dependence of parameter Po obtained by eq. (45) is shown in Fig. IS and it is found 

that the value of Po increases with pressure. This behavior of parameter Po with BaTi03 is similar 

to that with NaN03. 

The temperature dependence of tan 8 calculated by using eq. (46) and the value of Po given 

in Fig. ISis shown as a solid line in Fig. 14. The value of tan 8 increases with temperature and 

rapidly near the transition temperature. Here , ~=- 0.96 X 109 ms /F·C2 , ~=S .93 X I 010m9 /F·C4· & 

Co=4.S2 X 105 m/F· ·C were used for the values of t ~ & Co in eqs. (45) & (46) as shown in the 

previous section. 

In this case, the pressure dependence of tan 8 shown in Fig. 14 is based on that of the charac

teristic temperature To in eq. (47), that is ; 

To =104-4.92p (p in kbar & To in ·C) 

The value of the ratio of Po to Ps is also the order of 10-2 for BaTi03 . 

Thus, the analytical loss tangent derived from free energy is given in forms of both the dc

electric field and temperature dependence including the pressure in the case of the first and the 

second order transition, and follows experimental results on tan 8 . 

And eq. (40) gives the relationship between Ps and tan 8, and seems to show that the domain 
motion will contribute to the dielectric loss. 

S. Conclusion 

Based on this analysis which is obtained by modifying Devonshire's free energy for the bound 

crystal, when the hydrostatic pressure is applied to the crystal which has the centrosymmetry in 

~araelectric phase, the ferroelectric phenomena, for example, the pressure dependence of the 

permittivity & the spontaneous polarization with temperature parameter and the temperature 

dependence of the permittivity & the spontaneous polarization with pressure parameter etc., are 

explained very clearly. Especially, the analysis for the pressure characteristics of ferroelectric phase 
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which is one of the undeveloped fields becomes easy. In fact , it is confirmed that the results of 

the analysis in this paper coincides with the experimental results of the pressure dependence of 

ferroelectric phenomena up to this time. Therefore , the analysis of this paper seems to be useful 

on developing the study of this field. 

Finally, the authors would like to thank Prof. T.J .Lewis & Prof. P.E.Secker of North Wales 

Univ. and Prof. A.W.Bright of Univ. of Southampton for their helpful advices to one of the authors, 

S. Fujimoto, staying in Great Britain. 
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